This study is concerned with the unsteady motion of two solid spherical particles in an unbounded incompressible Newtonian flow. The background flow is uniform and can be time dependent. In addition, the particle Reynolds numbers 2aV a / and 2bV b / , based on characteristic particles velocities V a and V b , are assumed to remain small throughout the motion. Here, a and b denote the particle radii and is the kinematic viscosity of the fluid. Two approximate methods are employed in order to calculate the unsteady force exerted on each particle. In the first approach, a simplified method of reflections in combination with the point-force method is employed. In the second approach, a simplified method of reflections combined with Burger's unsteady flow solution is considered. The forces due to the background flow and the disturbed flow created by the presence of particles are treated separately. The equation of motion for each particle is derived and some special cases are presented in detail including the motion with constant acceleration and the motion in a gravitational field. The results indicate that using the Basset force corresponding to the motion of two spheres gives rise to a larger drag force as compared to the solution utilizing the solitary-particle Basset force.
I. INTRODUCTION
Flows involving liquid droplets and solid particles are important in many natural and industrial applications such as combustion systems, mechanical cell lysis, and various chemical processes. Boussinesq, 1 Basset, 2 and Oseen 3 examined the motion of a sphere settling under gravity in an otherwise stationary viscous fluid. Tchen 4 modified the particle equation of motion for the case of a uniform but time dependent free stream flow field. The resulting equation is valid in the limit of small particle Reynolds number and uniform unsteady background flow. Leichtberg et al. 5 showed the importance of the Basset force for all multiparticle gravitational Stokes-flow interactions in configurations that are slowly changing due to particle interactions. The force on a small rigid sphere in a nonuniform flow is considered by Maxey and Riley 6 and separately by Gatignol. 7 Venkatlaxmi and Amaranath 8 examined the completeness of solutions of both the homogeneous and nonhomogenous unsteady Stokes equation, and suggested the general solution of an arbitrary unsteady Stokes flow in the presence of a sphere. Legendre and Magnaudet 9 numerically solved the three dimensional flow past two identical spherical bubbles moving side by side in a viscous fluid for Reynolds number 0.02ഛ Reഛ 500 and calculated the drag and the lift forces. Similar results were obtained numerically by Kim et al. , 10 where the drag and the lift forces were discussed for two rigid spheres placed in a uniform stream perpendicular to their line of centers. Hollander and Zaripov 11 recently collected experimental data for droplet interactions at low Reynolds number and compared the theoretical force with experimental data. They observed that in a decelerating motion of spherical particles in still air, particle drag coefficients could be influenced by unsteadiness and therefore, adding the Basset force provides better agreement between experiment and theory, even though the Basset force for the isolated droplet was used.
Van Saarloos and Mazur 12 studied the hydrodynamic interaction of multiple spheres and derived some components of the grand mobility matrix for unsteady Stokes flow. The disadvantage of their method is that the mobility functions are only valid for a specific frequency range. The multiple scattering approach was employed by Pienkowska. 13, 14 In that approach, the time-dependent Green's tensor is utilized and hydrodynamic interactions among particles in different regimes for low-Reynolds-number flow are considered. Clercx and Schram analyzed two-particle interactions based on a multipole expansion of the flow field in Fourier space in terms of vector spherical harmonics. 15 In the present work, the method of reflections is used in Laplace space and the equation of motion for two particles is explicitly derived.
The method of reflections introduced by Smoluchowski 16 which is an approximate method for calculating the force exerted on two small spheres moving in Stokes flow is employed to solve the unsteady problem. The particles are supposed to be sufficiently close to each other to interact hydrodynamically but sufficiently distant from boundary walls so that the surrounding fluid is regarded as infinite. Earlier fundamental studies of the relative motion of two spheres under Stokes-flow conditions have been based on a multipole expansions technique 17 or bispherical coordinates. 18, 19 The system of bispherical coordinates permits one to satisfy boundary conditions simultaneously on two spheres. For a larger number of particles, it is not generally possible to find coordinate systems that simultaneously satisfy all the boundary conditions. Thus, a simplified method of reflections is used here that gives the solution as an infinite series and can simply be extended to include additional particles. Calculating all the terms in this geometric series, one can easily find the summation of all the terms, which is not possible in the comprehensive method of reflections. The limitation of this method is that the solution is less accurate as the particles get closer to each other.
II. EQUATIONS OF MOTION
Suppose that two particles with radii a and b located at Y a ͑t͒ and Y b ͑t͒, respectively, are moving with velocities V a ͑t͒ and V b ͑t͒ in an unbounded medium. The velocity field in the absence of the particles is u͑x , t͒ and the presence of the particles and their motion will modify the flow to the new field v͑x , t͒. Particle Reynolds numbers are assumed to be small, the pressure gradient is approximately uniform inside the sphere, the background flow is uniform, and the particles are a few diameters apart. The governing equations for the modified flow are
The no-slip boundary conditions at the surface of the particles are v = V a on sphere a and v = V b on sphere b. The velocity field approaches the undisturbed behavior at infinity.
One can write the equation of motion for sphere a as
where m pa is the mass of sphere a and ij represents the stress tensor. The surface integral is over the surface of sphere a and n is the normal unit vector. We follow a method developed by Maxey and Riley 6 with modifications that include a second sphere. After changing the coordinate system to the frame moving with the center of sphere a, new variables z = x − Y a ͑t͒ and w͑x , t͒ = v͑x , t͒ − V a ͑t͒ are introduced. Substituting these in Eqs. ͑1͒ and ͑2͒ gives
In a moving reference frame, the boundary conditions are w = 0 on sphere a, w = V b − V a on sphere b and w = u − V a as ͉z͉ → ϱ. The stress tensor is
͑6͒
The flow field can be decomposed into an undisturbed flow field, w ͑0͒ , and a flow field created by the particle disturbance, w ͑1͒ . 6, 20 Thus the undisturbed flow is w ͑0͒ = u − V a . For the low-Reynolds-number flow, the convective terms in Eq.
͑5͒ can be neglected. Our calculations are for the lowestorder approximation in the limit of zero Reynolds number and thus, Oseen's correction is not applied. The undisturbed and disturbed flow components satisfy the following equations in addition of the continuity equation:
One can easily calculate the force exerted on sphere a due to the undisturbed flow field, which is uniform, as follows:
͑9͒
By assuming that the pressure gradient is approximately uniform inside the sphere, Eq. ͑9͒ can be changed to a volume integral and approximately evaluated as
After using the momentum equation for the undisturbed flow, the undisturbed force can be written as
where m fa is the mass of fluid displaced by sphere a. Equation ͑11͒ can be written in terms of the undisturbed flow in the original frame of reference:
͑12͒
The derivative D / Dt can be replaced by ‫ץ‬ / ‫ץ‬t since the background flow is uniform. The force exerted on particle a due to the disturbed flow field should now be calculated by solving Eq. ͑8͒. The boundary conditions for the disturbed flow field are w ͑1͒ = V a − u on sphere a, w ͑1͒ = V b − u on sphere b, and w ͑1͒ =0 as ͉z͉ → ϱ. The most general motion of the particles include translation and rotation. Because of the linearity of the governing equations and boundary conditions these two modes of motion may be considered separately, and the results superimposed. We shall restrict our attention to the case when particles translate without rotation as they move through the fluid. It is convenient to choose one axis of the coordinate system along their line of centers, as shown in Fig. 1 . In order to find a general relation between the forces and the particle velocities, it is sufficient to solve for the motion along the line of centers and perpendicular to it.
As indicated earlier, the method of reflections is used with the boundary condition on each sphere satisfied at each step. It is clear from the boundary conditions that the disturbed flow field is at rest at infinity, thus the method of reflections 16 can be followed. Since the governing equations and boundary conditions are linear, the local velocity and pressure fields may be decomposed as
With each term, ͑w ͑1͒ , p ͑1͒ ͒, separately satisfying Eq. ͑8͒ and the continuity equation and vanishing at infinity. In Eq. ͑13͒, superscript ͑1͒ refers to the disturbed flow field and subscript j refers to the jth reflection. Next, the following conditions are defined:
and so on, where W a ͑1͒ and W b ͑1͒ are V a − u͑a͒ and V b − u͑b͒, respectively, and w 1 ͑1͒ corresponds to the settling of particle a in an unbounded flow field, and so on. Therefore, by adding all terms together, the boundary conditions will be satisfied on both spheres. Since the problem with boundary conditions on two spheres is broken into infinite problems with boundary conditions on one sphere, in order to calculate the force associated with the disturbed flow field exerted on each particle, the force applied to the solitary sphere in the uniform Stokes flow due to the disturbed flow is written as
or in Laplace space
where K a =6a͑1+a +1/9a 2 2 ͒ and 2 = s / .
III. FIRST APPROACH: POINT-FORCE METHOD
Since particle a is assumed to be located at a relatively large distance ͑several diameters͒ from particle b, we may compute the translational effect of particle a by assuming that it generates the same field as that produced by a point force located at the center of the particle. 21, 22 The relation between force and velocity disturbances produced by the time dependent force, mentioned by Burger, 21 is
where u i Ј is the velocity field generated by the force F i . Since F i is the force exerted by the fluid on the particle, a minus sign is used. It is assumed that the force is applied at t = 0 and that the fluid prior to that instant is at rest everywhere:
In this equation, r is the radial distance to the origin. After taking the Laplace transform of Eq. ͑20͒ and using the convolution theorem, we have
can be rewritten in vector form as
where n = x / r and
B͑r,s͒ = − 2 r e −r − 6 r 2 e −r + 6 2 r 3 ͑1 − e −r ͒. ͑26͒
Since particle b is at location ͑0,0,l͒, the velocity field at the center of it produced by the force applied at the center of particle a will be
where e z corresponds to the direction of the line of centers and index represents a summation over x and y, which are the directions perpendicular to the line of centers. By using Eqs. ͑19͒ and ͑27͒, the velocity at the center of particle b corresponding to the settling of particle a can be calculated as
͑l , s͒ is dropped to simplify the notation. From these last results and the reflection of ŵ 1 ͑1͒ from particle b by using the boundary condition, we calculate the force exerted on particle b as
Now the velocity field generated by the force ͓F 2 ͑1͒ ͔ b acting on the location of particle b is calculated. The origin of the coordinate system will now be at the center of particle b:
͑31͒
Similarly,
ͪe zͬ .
͑32͒
Now the force F a ͑1͒ exerted on particle a by the disturbed fluid is obtained by summing the drag contributions of the individual fields. A velocity field which is free from singularities in the sphere cannot produce a force since it satisfies boundary conditions that imply the absence of the particle. 16 Thus
͑33͒
The necessary conditions for the convergence of the geometric series in Eq. ͑33͒ are that
2 Ͻ 1 as explained in Appendix A. After simplification one gets
By adding the force due to both the undisturbed and disturbed flow field and returning to the fixed reference frame, the equation of motion for sphere a can be written as
where the symbols Ќ, ʈ mean perpendicular and parallel to the line of centers of the two spheres, respectively. In addition, 
In order to simplify the notation in the following derivation, we define ⑀ = a / l, ␤ = b / a and s = a 2 s / . After substituting Eqs. ͑25͒ and ͑26͒ into Eq. ͑36͒ and using the definition of K a and K b , one can write the Laplace transform of g 1 ͑t͒, h 1 ͑t͒, g 2 ͑t͒, and h 2 ͑t͒ as
and similarly
where
and
IV. SECOND APPROACH: UNSTEADY VELOCITY FIELD
In this section, the force due to the disturbed field is calculated differently. The Basset force exerted on a sphere moving with an arbitrary velocity V͑t͒ can be constructed as a superposition integral in which the unit velocity impulsive motion of the sphere is treated as a basic solution. Using the same idea, we utilize the velocity field created by the motion of a solitary sphere. In order to satisfy boundary conditions on two spheres, the method of reflections is used and the force exerted on each particle is calculated.
By using Burgers' solution 23 to the solitary sphere in the unsteady Stokes flow and using the method of reflections, the disturbed flow force is derived. The governing equations and boundary conditions for a solitary sphere in the unsteady Stokes flow are taken as ‫ץ‬uЈ ‫ץ‬t
uЈ͑x,t͒ = ͑0,0,␦͑t͒͒ or û Ј͑x,s͒ = ͑0,0,1͒ at ͉x͉ = a, ͑45͒ 
In the next step, the method of reflections is used to find the force due to the disturbed flow field. If sphere a moves with the velocity Û a Ј͑s͒, then û Ј͑s͒ at the center of sphere b is
Thus, the velocity field at point b could be calculated by knowing the velocity of the particle at point a:
As in the previous section, Eqs. ͑29͒-͑33͒, the velocity field created by the motion of each sphere at the center of the other sphere and the applied force corresponding to each step can be calculated. Finally, one can find the total drag by summing the contribution of the individual fields:
where Â a * Â b * Ͻ 1 and B a * B b * Ͻ 1 are the necessary conditions for the convergence of the geometric series as explained in Appendix A. The equation of motion for sphere a can then be written as m pa dV a dt
By using the definitions of ⑀, ␤, and s, one can write Eqs. ͑59͒ in Laplace space as
and similarly 
V. EQUATION OF MOTION FOR THE PARTICLES
The inverse Laplace transform can be evaluated by using the contour integration technique 24 as detailed in Appendix A. The equation of motion for sphere a utilizing the second approach is m pa dV a dt
͑66͒
The equation of motion using the first approach is given in Appendix B. The first and second terms in Eq. ͑66͒ are the gravity force and pressure gradient of the undisturbed flow, respectively. The next two terms correspond to the Stokes drag contribution while the fifth and sixth terms are the added or virtual mass forces. The last term is the Basset force or history term. g 1 * , g 2 * , h 1 * , and h 2 * are introduced in Appendix A. It can be easily seen that the limit of Eq. ͑66͒ when ⑀ → 0 is exactly the equation of motion for a solitary particle in the unsteady and uniform flow field. Since 
As expected, the Stokes drag force for two particles is less than the one for an isolated particle. 11, 16 Equation ͑66͒ is in agreement with Fuchs' observation that the Basset force for the decelerating motion of particles leads to an increase in the stopping distance as mentioned in the review by Hollander and Zaripov. 11 The error in Eq. ͑66͒ is of order ⑀ 3 even though all terms in the second approach are included. This error is due to the fact that the nonuniformity created by one sphere at the center of the other sphere is neglected. In order to eliminate this error, one can calculate the resistance of a sphere in the unsteady, nonuniform field as follows: 6 
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͑70͒
Since the particle Reynolds numbers are very small, the nonlinear terms can be neglected and ͉Du / Dt͉ Y͑t͒ can be replaced by ͉‫ץ‬u / ‫ץ‬t͉ Y͑t͒ . In Laplace space one can write
and instead of Eq. ͑52͒, the following velocity must be used at the center of particle b:
where 
which matches the results for the mobility of a pair of spheres ͑steady Stokes drag͒ by Jeffrey and Onishi 17 and the added mass force by Van Wijngaarden. 25 The error in these equations is of order ⑀ 4 or higher. Equation ͑70͒ ͑or the Faxen formula in the steady problem͒ gives the resistance of a sphere in the unbounded nonuniform flow exactly. However, the presence of the other sphere, which is a few diameters away, affects Eq. ͑70͒ ͑or the Faxen formula in the steady problem͒ and creates an error of order ⑀ 4 or higher. In order to obtain an estimate of the accuracy of each method, we compare the first and second approaches and Eq. ͑75͒ with the exact solution 19 for the problem in which two solid particles moving steadily with equal constant velocities parallel to their line of centers in a viscous fluid. As it is shown in Fig. 2 , the method of reflections is reliable for separations such that ⑀ ഛ 0.25. Note that ⑀ = 0.5 corresponds to touching spheres. Our sample calculations discussed later are for ⑀ = 0.2.
VI. CASE STUDIES

A. Two equal spheres moving perpendicularly to their line of centers
In this case, the equation of motion is developed for two spheres moving side by side as shown in Fig. 3 . The distance between particles is assumed constant. This assumption is based on the result by Kim et al. 10 that the lift coefficient is much smaller than the drag coefficient for two spheres side by side in a uniform flow field. 10 It is assumed that the particles' acceleration is constant. Thus u͑a͒ = u͑b͒ = 0,
If one simplifies Eq. ͑75͒ for two spheres with the same radius and constant acceleration in the absence of a gravitational field, the equation of motion can be written as
where g † can be calculated in a similar way as explained in Appendix A.
As Legendre et al. 9 pointed out, the added mass coefficient for two spheres moving side by side is larger than that of a single sphere because the flow located between two spheres experiences a larger acceleration compared to the isolated-sphere case. Van Wijngaarden 25 gave the expression for the added mass coefficient of two equal bubbles moving perpendicularly to their line of center as C m =1/2͕1+3/2⑀ 3 +3/4⑀ 6 +3⑀ 8 +¯͖. Similarly, the problem can be solved by using the first and second approaches. Figure 4 shows the force due to the disturbed flow for two spheres and an isolated sphere in Stokes flow. In this figure the forces are nondimensionalized using 6a 3 a c .
B. Two equal spheres moving along their line of centers
In this case, two spheres are moving along their line of centers as shown in Fig. 5 and it is supposed that u͑a͒ = u͑b͒ = 0,
where a c and V͑t͒ are both negative. Thus, 
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where h † can be calculated in a similar way as explained in Appendix A. As we can see in Eq. ͑79͒, the added mass coefficient for two particles moving along their line of centers is less than the one corresponding to an isolated sphere, in agreement with the observation by Leichtberg et al. 5 and Van Wijngaarden. 25 According to the expression obtained by Van Wijngaarden, the added mass coefficient for two equal bubbles moving along their line of centers is C m =1/2͕1 −3⑀ 3 +3⑀ 6 +9⑀ 8 +¯͖. 25 The problem can also be solved using the first and second approaches and Fig. 6 shows a comparison of the forces produced by the disturbed flow for two particles. The addedmass forces for the motion of spheres perpendicular to and along their line of centers are shown in Figs. 4 and 6 , respectively. The difference between results obtained with the first or second approaches and the added mass force for an isolated sphere is in the fourth and third significant digit, respectively. In fact, the interaction between particles has a small effect on the added mass force for this value of ⑀.
Using results obtained by Van Wijngaarden 25 for particles moving side by side, the added mass force differs from the added mass force of an isolated particle by only 1%, while for particles moving in tandem, the difference is 2.5% for ⑀ = 0.2. Thus the error introduced by either of these two methods, which is of order ⑀ 3 , is of the same order as the modification of the added mass force due to the presence of the other sphere. However, the order of accuracy of Eq. ͑75͒ is higher than that obtained with either the first or second approaches, and the results match with those by Van Wijngaarden. 25 The added mass force is the dominant force at the beginning of the motion because the Stokes drag and Basset force are initially zero. However, for larger times, the added mass becomes much smaller than either the Basset force or the Stokes drag.
The Basset force starts from zero at t = 0 for any configuration of particles. For the configurations described here, the difference between the Basset force for two spheres and that for an isolated sphere changes between 0% and 15%. For short times, this difference is small and comparable to the error in the method. However, for larger times, the Basset force increases and the interaction between particles modifies the magnitude of the Basset force from its value for an isolated particle so that the error of the method becomes less important.
C. Two equal spheres moving in a gravitational field
For one sphere moving in a gravitational field, the equation of motion is
which in Laplace space, after introducing s = a 2 s / , becomes
For two spheres moving in a gravitational field with equal velocities perpendicularly to their line of centers without rotation, we have
By using the same procedure employed earlier, the inverse Laplace transform of Eqs. ͑82͒ can be calculated and the velocity of each sphere can be determined. For two spheres that are moving along their line of centers, one uses F h † instead of F g † . The results are shown in Figs. 7 and 8 . The result for one sphere in a gravitational field is in agreement with the result reported by Coimbra and Rangel. 26 It can be seen that the motion of two spheres moving either side by side or in tandem indicates that the spheres reach their terminal velocity after a longer time compared to the prediction using the history term for an isolated sphere. These results are in qualitative agreement with the experimental data collected by Hollander and Zaripov. 11 They presented results for droplets emitted horizontally and vertically and obtained the droplet trajectory endpoints for a horizontal jet and the maximum height of the droplet trajectory for a vertical jet, and compared experimental data with theoretical results. They showed that for particle arrays, the maximum droplet height increases by including the Basset force for an isolated sphere. While the theoretical values obtained after including the Basset force approach the experimental results, they do not match the experimental data exactly. The experimentally observed maximum droplet height is still larger than the theoretical values obtained by including the history term for an isolated sphere. By using the present results, which include the Basset force for two spheres, the theoretical data should 
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Unsteady motion of two solid spheres in Stokes flow Phys. Fluids 18, 103306 ͑2006͒ approach the experimental data more closely, since the time constant resulting from including the history term for two spheres is larger than the one obtained when the Basset force for a single sphere is used. Figure 2 shows that for the steady problem, the first approach has a 1% error while the second approach has a 0.72% error when ⑀ = 0.2. Including the nonuniformity generated by one sphere at the center of the other sphere decreases the error to 0.4%. However, it can be seen in Figs. 4 and 6 that the Basset force is of the same order as the Stokes drag. In addition, Coimbra and Rangel 26 calculated the effect of the history term on the time constant for sedimenting particles. They showed that for a particle 20 times denser than glycerin, adding the history term increases the time needed for the particle to reach 90% of its terminal velocity up to four times. They pointed out that this effect is much larger for a light particle. For an air bubble with a 100 m diameter, the time constant is reduced 180 times when the Basset force is neglected. In conclusion, the error associated with the use of the method of reflections for particles which are located a few diameters away from each other is much smaller than the unsteady forces.
VII. CONCLUSIONS
In this study, the unsteady motion of two spheres in an unbounded viscous flow was theoretically considered. The method of reflections in combination with the point-force approach was employed to calculate the force exerted on each particle. In addition, the method of reflections in combination with Burger's unsteady flow solution was employed as an alternate solution. An equation of motion for the twoparticle system with an error of order ⑀ 4 is derived. The results for the cases where two accelerating particles are moving either along their line of centers or perpendicularly to it indicate that the Basset force due to the motion of two spheres is larger than the Basset force for a solitary sphere. Two spheres moving either side by side or in tandem without rotation in a gravitational field reach their terminal velocity after a longer time as compared to the prediction using the Basset force for an isolated sphere. This result is in qualitative agreement with experimental data collected by Hollander and Zaripov 11 as previously described.
APPENDIX A: INVERSION OF THE LAPLACE TRANSFORM
The contour integration technique is used in order to calculate the inverse Laplace transform of Eqs. ͑60͒-͑63͒. As long as s = 0 is a branch point for ĝ 1 * ͑s͒, the inverse Laplace transform can be calculated using the path shown in Fig. 9 Since the integral of ĝ 1 * ͑ϱ͒ on DE is zero and its integrals on CD and EF are equal and opposite in sign, ĝ 1r * ͑s͒ in Eq. ͑A7͒ can be substituted with ĝ 1 * ͑s͒. The second term on the righthand side of Eq. ͑A7͒ is calculated by using the expansion of Eq. ͑60͒ around s = 0. It can be shown that 
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